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Higgs Bundles and the Hitchin Moduli Space



Higgs bundles

• C : compact Riemann surface.

• E: complex vector bundle over C .

Definition

A Higgs bundle is a pair pB̄E ,ϕq, where B̄E is a holomorphic structure on
E, and ϕ P Ω1,0pC , EndpEqq with B̄Eϕ “ 0.

Example

Suppose degE “ 0, and choose B̄E so that E :“ pE, B̄Eq “ K1{2‘ K´1{2.
Then there is a family of Higgs bundles given by

ϕq “

ˆ

0 q
1 0

˙

,

parametrized by holomorphic quadratic di�erentials q P H0pC , K2q.
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Hitchin moduli space

Definition

A Higgs bundle pB̄E ,ϕq is (semi)stable, if µpF q ă µpE q (resp. ď), for all
ϕ-invariant holomorphic subbundleF of E “ pE, B̄Eq.

Denote the rank and degree of E by r and d . The moduli space of stable
Higgs bundles isM spr, dq “ tpB̄E ,ϕq stable u {GC, where the complex
gauge transformations g P GC acts as g ¨ pB̄E ,ϕq “ pg´1 ˝ B̄E ˝ g, g´1ϕgq.

• On C “ CP1,M spr, dq “∅.

• M sp1, dq “ T˚PicdpCq.

• M sspr, dq is a complex quasi-projective variety containingM spr, dq as an
open smooth subvariety of dimension 2` 2r2pg ´ 1q (Nitsure, 1991).

Remark. When the structure group of E is G, one can define GC-Higgs
bundles, then ϕ P Ω1,0pC , gCpEqq.

From now on we consider SLpr,Cq-Higgs bundles, then deg E “ 0, and the
dimension of the moduli space becomes 2pr2´ 1qpg ´ 1q.
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Metrics



From Yang-Mills to Higgs

Self-dual Yang-Mills
(Instanton)

R4 ˚ FA “ FA
A“

ř4
i“1 Ai d x i , Fi j “ BiA j ´B jAi ` rAi , A js

F12 “ F34, F13 “´F24, F14 “ F23.

Assume that A is invariant under x3- and x4-translations. Let z “ x1` i x2,
then A“ A1 d x1` A2 d x2 and Φ“ 1

2 pA3´ iA4qdz satisfies (over Cz)

B̄AΦ“ 0, FA` rΦ,Φ˚h0 s “ 0. (1)

The equations can be defined on any Riemann surface.

Theorem (Hitchin, 1987b; Simpson, 1988)

For pB̄E ,ϕq stable, there exists a unique Hermitian metric h (called
harmonic metric) solving the Hitchin equation

FDpB̄E ,hq` rϕ,ϕ˚hs “ 0.
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L2 metric

Fix a Hermitian metric h0 on E. Using the theorem we obtain pA,Φq from
stable pB̄E ,ϕq, where g ¨ h“ h0, A“ Dpg´1B̄E g, h0q, Φ“ g´1ϕg . Then the
Hitchin moduli spaceM “ tpB̄E ,ϕq stable u {GC is isomorphic to

tpA,Φq irreducible |FA` rΦ,Φ˚h0 s “ 0, B̄AΦ“ 0u {G .

Note that pA,Φq PC “A pE, h0q ˆΩ
1,0pslpEqq, the tangent space of

A pE, h0q is Ω1psupEqq – Ω0,1pslpEqq. Define

gL2pp 9A0,1
1 , 9Φ1q, p 9A0,1

2 , 9Φ2qq “ 2Re
ż

C
x 9A0,1

1 , 9A0,1
2 yh0

`x 9Φ1, 9Φ2yh0
.

C carries three constant complex structures

Ipα,φq “ piα, iφq, Jpα,φq “ piφ˚h0 ,´iα˚h0 q, Kpα,φq “ p´φ˚h0 ,α˚h0 q.
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Hyperkähler quotient

We letω‚ “ gL2p‚¨, ¨q, where ‚ P tI , J , Ku. Group of unitary gauge
transformations G acts on C by isometries. This group action is
tri-Hamiltonian: for each ‚, there is a moment map µ‚ :C Ñ pLieG q˚
generating the action, i.e.,

dµ‚pγqp¨q “ω‚pXγ, ¨q

where Xγ is the fundamental vector field generated by γ P LieG . Remarkably,

µIpA,Φq “ FA` rΦ,Φ˚h0 s, pµJ ` iµKqpA,Φq “ ´2iB̄AΦ.

By the hyperkähler quotient construction of Hitchin, Karlhede, Lindström,
and Roček (1987),

M “ µ´1
I p0q Xµ

´1
J p0q Xµ´1

K p0q{G

is a hyperkähler manifold. Moreover, gL2 is complete.
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Semiflat metric

Definition (Hitchin fibration, SLp2,Cq case)

The Hitchin fibration (Hitchin, 1987a) is a surjective holomorphic map

H :M ÑB :“ H0pK2q, rpB̄E ,ϕqs ÞÑ detϕ.

M is completely integrable (generic fibers are Lagrangian tori), so by Freed
(1999), it carries a semiflat metric gsf, meaning that it is flat in the fiber
direction and orthogonal to the base. gsf is an incomplete hyperkähler metric.
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Metric comparison

Theorem (Metric Comparison)

Fix rpB̄E ,ϕqs P M 1, i.e., det ϕ has simple zeros. Then for infinitesimal
deformations rp 9η, t 9ϕqs P TrpB̄E ,tϕqsM 1 along the ray rpB̄E , tϕqs,

‖rp 9η, t 9ϕqs‖2gL2
´ ‖rp 9η, t 9ϕqs‖2gsf

“ Ope´εtq, as t Ñ8.

• Mazzeo, Swoboda, Weiss, and Witt (2019) proved polynomial decay for the
SLp2,Cq case.

• Dumas and Neitzke (2018) proved exponential decay along the Hitchin
section in the SLp2,Cq case.

• Fredrickson (2019) proved exponential decay in the SLpr,Cq case.

• Fredrickson, Mazzeo, Swoboda, and Weiss (2020) proved exponential
decay in the SLp2,Cq parabolic case (Higgs field has simple poles).

Irregular Hitchin moduli spaces provide more hyperkähler metrics.
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the Irregular Case



Irregular Hitchin moduli space

To define the irregular Hitchin moduli space, we need to fix the extra data:

• D: divisor on C .

• Singularity data near S, the support of D.

• parabolic structure at each x P S. In SLp2,Cq case, this means a choice of
the filtration t0u Ă Lx Ă Ex with weights 1ą α2 ą α1 ą 0, α1`α2 “ 1.

As before, the moduli spaceM is tpB̄E ,ϕq stableu{GC, but now the gauge
transformations should preserve the filtrations, and ϕ is meromorphic:

• ϕ P H0pC , ParEndpE q b KpDqq.

• ϕ is compatible with the singularity data, meaning that in some local
holomorphic trivialization of E near x P S,

ϕ “

ˆ

Am

zm
` ¨ ¨ ¨ `

A1

z
` holomorphic terms

˙

dz,

where A j ’s are matrices fixed by the singularity data.
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Metric comparison in the irregular case

Now we consider SLp2,Cq-Higgs bundles over C “ CP1. In this case trϕ “ 0,
pdeg E “ deg E` |S| “ 0, and dimCM “ 2pdeg D´ 3q. Previously defined
hyperkähler metrics gL2 and gsf can be generalized to the irregular setting.
Biquard and Boalch (2004) proved that gL2 is a complete hyperkähler metric
(for generic data).

Theorem (Chen and Li, 2022)

Fix a generic curve rpB̄E ,ϕtqs inM , and an infinitesimal deformation
rp 9η, 9ϕqs P TrpB̄E ,ϕtqs

M . As t Ñ 8, there exist positive constants c,σ
such that

‖rp 9η, 9ϕqs‖2gL2
´ ‖rp 9η, 9ϕqs‖2gsf

“ Ope´c tσq.

New features in the irregular case:

• InM , there is no natural C˚ action: t ¨ rpB̄E ,ϕqs “ rpB̄E , tϕqs.

• Analysis near irregular singularities.
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A curve inM

For simplicity, we consider Higgs bundles with an (untwisted) order 4 pole.
Recall the Hitchin fibrationH :M ÑB , rpB̄E ,ϕqs Ñ detϕ. Now

B “

#˜

8
ÿ

k“5

µk

zk
`

t
z4

¸

dz2

ˇ

ˇ

ˇ

ˇ

ˇ

t P C

+

.

Here µ j ’s are constants determined by the singularity data. The pole is
untwisted implies µ8 ‰ 0, by rescaling, we assume µ8 “´1. Then we can
find a curve rpB̄E ,ϕtqs parametrized by t , where E – O ‘O p´1q, and

ϕt “
dz
z4

ˆ

a0ptq btpzq
c0` z ´a0ptq

˙

,

where ´a0ptq
2´ btpzqpc0` zq “ tz4` ¨ ¨ ¨ `µ7z´ 1 :“ ν̃tpzq, and

´a0ptq
2 “ ν̃tp´c0q. Let Zt “ tz jptqu

4
k“1 be the zero set of ν̃tpzq, then

z jptq „ t´1{4eiπpk´1q{2 (assume t is real and positive).
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Idea of proof

We use a gluing process similar to that in Fredrickson et al. (2020). For
rp 9η, 9ϕqs P TrpB̄E ,ϕtqs

M , the L2 metric can be expressed as

‖rp 9η, 9ϕqs‖gL2 “ 2
ż

C
| 9η´ B̄E

9h|2ht
` | 9ϕ` r9h,ϕs|2ht

,

where 9η, 9ϕ, 9h satisfy the infinitesimal Hitchin equations and the Coulomb
gauge condition. gsf can be computed by the same formula with ht , 9h
replaced by h8t , 9h8. Here h8t is the metric solving the decoupled Hitchin
equations (pushfoward the HE-metric on the spectral line bundle)

Fh8
t
“ 0, rϕt ,ϕ

˚h8
t

t s “ 0.

Essentially, we only need to compare ht and h8t , in the following way

h8t
desingularize
ÝÝÝÝÝÑ happ

t
perturb
ÝÝÝÑ ht .
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Local forms (untwisted order four pole)

Locally in a disc of radius κt´1{4 around x P Zt , one can find holomorphic
coordinate ζ such that detϕt “´t9{4ζdζ2. Rescaling to get ´t3{2ζ̂dζ̂2.

B̄E “ B̄, ϕt “ t3{4

ˆ

0 1
ζ̂ 0

˙

dζ̂2,

h8t “
ˆ

r1{2 0
0 r´1{2

˙

, happ
t “

ˆ

r1{2eχprqlt3{4 prq 0
0 r´1{2e´χprqlt3{4 prq

˙

,

where r “ |ζ̂|, and ltprq À e´c t r3{2
solves the ODE

pB2
r `Br{rqlt “ 8t2r sinhp2ltq.

Near the order four pole, no desingularization is needed (h8t is compatible
with the parabolic structure): in a local holomorphic frame,
ϕt “ z´4

a

´ν̃tpzqdiagp1,´1qdz, h8t “ happ
t “ diagp|z|2α1 , |z|2α2q.

Then ‖Fhapp
t
` rϕt ,ϕ

˚happ
t

t s‖L2phapp
t q
ď c1e´c2 t3{4

.
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Modularity Conjecture



Gravitational instantons

Non-compact complete hyperkähler manifolds with
ş

|Rm|2 ă8 are called
gravitational instantons. As an improvement of earlier works of Minerbe
(2010), Chen and Chen (2021b), Sun and Zhang (2023) have proved that any
gravitational instanton must be ALE, ALF, ALG, ALH, ALG˚ or ALH˚.

Curvature Volume Tangent cone at infinity
ALE Opr´6q Opr4q R4{Γ

ALF-Ak Opr´3q Opr3q R3

ALF-Dk Opr´3q Opr3q R3{Z2

ALG Opr´2´δq,δ “ Opr2q Cβ
minnPZ,nă2β

2β´n
β

ALG˚ Opr´2plog rq´1q Opr2q R2{Z2

ALH Ope´δrq Oprq r0,8q
ALH˚ Opr´2q Opr4{3q r0,8q
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Modularity Conjecture

Modularity Conjecture (Boalch)

Every Hitchin moduli space of dimension four is of type ALG or ALG˚. Con-
versely, every ALG and ALG˚ gravitational instantons with Vol „ r2 can
be realized as a Hitchin moduli space. The conjectural correspondence
for ALG spaces is listed below. The tilde p̃ q indicates a twisted irregular
type.

Regular I˚0 I I I I˚

C T 2
τ CP1 CP1 CP1

D t0, 1, p0,8u t0, 1,8u 4 ¨ t0̃u
G Up1q SUp2q SUp6q SUp2q

I I I I I I˚ IV IV˚

C CP1 CP1 CP1 CP1

D t0, 1,8u 4 ¨ t0u t0, 1,8u 3 ¨ t0u` t8u
G SUp4q SUp2q SUp3q SUp2q
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Semiflat metric and model metric (untwisted order four pole)

Recall ν̃tpzq “ tz4` ¨ ¨ ¨ `µ7z´ 1“ t
ś4

k“1pz´ zkptqq. The Hitchin fiber is
(the compactification of) t´a2

0 “ ν̃tp´c0q | pa0, c0q P C2u, then it is
isomorphic to C{pZ‘τptqZq. τptq “ λ´1plptqq, where lptq is the
cross-ratio of zkptq’s. We have limtÑ8 τptq “ i.

The semiflat metric restricted to the Hitchin base (special Kähler metric) is

gsKp 9νt , 9νtq “

ż

C

| 9νt |
2

|νt |
dvolC “

| 9t|2

|t|

ż

C

1
ˇ

ˇ

ˇ

ś4
k“1pz´ zkptqq

ˇ

ˇ

ˇ

i dzdz̄

“ pC0`Opr´1{2qq
dr2` r2 dθ 2

r1{2
,

where r “ |t|. This is a conic metric with β “ 1´ p1{2q{2“ 3{4.
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ALG metrics from rank two irregular Hitchin moduli space

Kodaira type I I˚ I I I˚ IV˚

Dynkin diagram A0 A1 A2

β 5
6

3
4

2
3

τ e2πi{3 i e2πi{3

D 4 ¨ t0̃u 4 ¨ t0u 3 ¨ t0u` t8u
or 3 ¨ t0̃u` t8u

Table. ALG

β ,τ means that a dense set ofM is asymptotic to

tz P C, arg z P p0,2πβquˆC{pZ‘Zτq.

The Kodaira type means thatM is biholomorphic to (Chen and Chen, 2021a)
a rational elliptic surface minus a fiber with the given Kodaira type. Dynkin
diagram means that H2pM q is generated by the given extended Dynkin
diagram. This makes sense because any ALG gravitational instanton with the
same β is di�eomorphic to each other (Chen and Viaclovsky, 2021).
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ALG˚ metrics

Kodaira type I˚4 I˚3 I˚2 I˚1
Dynkin diagram D0 D1 D2 D3 “ A3

D
2 ¨ t0̃u
`2 ¨ t8̃u

2 ¨ t0u
`2 ¨ t8̃u

2 ¨ t0u` 2 ¨ t8u
or t0u` t1u` 2 ¨ t8̃u

t0u` t1u
`2 ¨ t8u

Table. ALG˚

The Kodaira type means thatM is biholomorphic to (Chen and Viaclovsky,
2021) a rational elliptic surface minus a fiber with the given Kodaira type.
Dynkin diagram means that H2pM q is generated by the given extended
Dynkin diagram. This makes sense because any ALG˚ gravitational instanton
with the same Kodaira type at infinity is di�eomorphic to each other (Chen
and Viaclovsky, 2021).
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Thank you for your attention!
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